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Abstract
We present an analysis of data on single inclusive pion production measured by the LHCf col-
laboration in high-energy proton-proton and proton-nucleus at ultra-forward rapidities, 8.8 ≤y ≤
10.8. We also analyse forward RHIC data for calibration purposes. Our analysis relies on the use
of a Monte Carlo event generator that combines a perturbative description of the elementary scat-
tering process at partonic level based on the hybrid formalism of the Color Glass Condensate with
an implementation of hadronization in the framework of the Lund string fragmentation model.
This procedure allows us to reach values of the momenta of the produced particles as low as de-
tected experimentally pt ∼ 0.1 GeV. We achieve a good description of single inclusive spectra of
charged particles and neutral pions at RHIC and the LHC respectively, and nuclear modification
factors for proton-lead collisions at the LHC. Our results add evidence to the idea that particle
production in the domain of very small Bjorken-x is dominated by the saturation effects encoded
in the unintegrated gluon distribution of the target. Being forward particle production of key im-
portance in the development of air showers, we stress that this approach allows for a theoretically
controlled extrapolation of our results to the scale of ultra-high energy cosmic rays, thus serving
as starting point for future works on this topic.
1 Introduction
The detection and analysis of particle production in collision processes in the very forward region al-
lows to study wave functions of the colliding objects in extreme limits of the phase space. At partonic
level these collisions can be interpreted as mediated by a highly energetic valence quark from the pro-
jectile scattering off a soft or wee parton (typically a gluon) of the target hadron. After hadronization,
the produced particles fly very close to the beam pipe until reaching the forward detectors. The
Bjorken-x values proben in the scattering process can be estimated to be xp,t ≈ (pt/
√
s)e±y (more
details below), where
√
s, pt and y refer to the collision energy, transverse momentum and rapidity
of the produced particle. In the kinematic range covered by LHCf one has
√
s= 7 TeV, pt . 1 GeV
and 8.8 ≤ y ≤ 10.8, yielding the following Bjorken-x values for projectile and target: xp ∼ 10−1 ∼ 1
and xt ∼ 10−8 ∼ 10−9. The latter values of Bjorken-x are the smallest ever accessed in collider ex-
periments. In this work we analyse forward production data in proton-proton and proton-nucleus
collisions at RHIC and the LHCf in terms of saturation physics and non-linear small-x QCD evolu-
tion equations. In terms of evolution rapidity Y = ln(x0/x), the simultaneous description of RHIC
(where the typical Bjorken-x values of the target are ≈ 10−3) and LHCf data implies testing such
equations over a rapidity interval ∆Y ∼ 14.
From the theoretical point of view it is well stablished that at small values of Bjorken-x QCD
enters a new regime governed by high gluon densities and the coherent dynamics of the soft color
fields, consistently accounted for by the non-linear renormalization group equations of QCD, the BK
and B-JIMWLK equations [1, 2, 3, 4, 5, 6, 7, 8]. The presence of non-linear terms in the small-x evolu-
tion equations limits the growth rate of gluon number densities for modes of transverse momentum
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smaller than the saturation scale Qs(x). This novel, semi-hard dynamical scale marks the onset of
non-linear corrections in QCD evolution and leads to distinctive dynamical effects that, as we argue
below, reflect in the ultra-forward particle spectra measured by the LHCf collaboration. In addition
to theoretical arguments, there is by now an abundant corpus of phenomenological works that pro-
vides compelling evidence for the presence of saturation effects in currently available experimental
data in a variety of collision systems: electron-proton, proton-proton and heavy ion collisions. For a
review, see e.g. [9].
LHC and RHIC forward particle production data have been analysed in a series of previous
works [10, 11, 12] in the framework of the Color Glass Condensate (CGC) effective theory for high en-
ergy QCD scattering (see e.g [13, 14] for a review). Same as in this work, the above mentioned works
relied on the use of the hybrid factorization, well suited for the description of forward production
processes or equivalently dilute-dense scattering, thus referred due to the strong asymmetry in the
Bjorken-x values probed in the projectile and target. The main novelty of this work with respect to
previous ones is the treatment of the hadronization process, which we describe in the framework
of Lund string fragmentation. This procedure allows us to reach values of the momenta of the pro-
duced particles as low as detected experimentally pt ∼ 0.1 GeV and, therefore, opens the possibility
of describing particle multiplicities. In turn, the description of the hadronization process in terms of
fragmentation functions used in previous works limits their applicability, by construction, to pertur-
batively large values of transverse momentum of the produced particle, pt & 1 GeV. Further, we also
take into account the possibility of multiple, simultaneous scatterings of different valence quarks
with the dense glue of the target. The three main ingredients of our set up, namely perturbative
partonic production as given by the hybrid formalism, Lund fragmentation and multiple scatterings
are embedded in a Monte Carlo event generator. The Monte Carlo Code used here was first devel-
oped by one of us for the description of ultra-forward pion production in proton-proton collisions
at the LHC[15]. We shall extend it here to the case of proton-nucleus collisions and the study of the
measured nuclear modification factors.
2 Set Up
A highly asymmetric collision in terms of the proben x-values is also strongly asymmetric in the
density of the colliding objects. In our case of study, the dilute system is given by the ensemble of
valence partons in the proton projectile, which scatters off the highly dense, coherent glue in the
target, be it a proton or nucleus. In the hybrid formalism the large-x degrees of freedom of the proton
are described in terms of usual parton distribution functions (PDFs) of collinear factorization which
satisfy the momentum sum rule exactly and which exhibit a scale dependence given by the DGLAP
evolution equations. On the other hand, the small-x glue of the nucleus is described in terms of
its unintegrated gluon distribution (uGD). The hybrid formalism was first proposed in [16] and, at
partonic level, the cross section for quark or gluon production in the scattering off a dense gluonic
target reads:
dσh1h2→(q/g)X
dy d2k
= K(2pi)2
σ0
2 x1f(q/g)/h1 , (x1, µ
2)N(F/A),h2 (x2, kt) . (1)
where f(q/g),h1(x1, µ2) is the PDF of quarks or gluons in the projectile h1 evaluated at the scale µ,
while N(F/A),h2 (x2, kt) refers to the uGD of the target in either the fundamental (F, for quarks) or
adjoint (A, for gluons) representation. The uGDs are related to the dipole scattering amplitude in
coordinate space via a Fourier transform:
N(F/A)(x, kt) =
∫
d2r e−ikt·r
[
1−N(F/A)(x, r)
]
. (2)
We shall take the parametrization of the dipole scattering amplitude N (x, r) from the AAMQS fits
to data on the structure functions measured in e+p scattering at HERA[17, 18]. The main dynamical
input in those fits is the running coupling BK equation for the description of the x-dependence of the
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dipole amplitudes[19, 20, 21]. The fit parameters are mostly related to the initial conditions for the
evolution, set at the initial Bjorken-x value x0 = 10−2. In the AAMQS fits they were chosen in the
following form:
NF (x0, r) = 1− exp
[
−(r
2Q2s0)γ
4 log
( 1
Λr + e
)]
. (3)
The AAMQS fits provide a well constrained parametrization of the proton uGD. Similar to what has
been done in previous works[22], we build the uGD of a nuclear target (lead or gold in our case), by
simply rescaling the value of the initial saturation scale in Eq. (3) by the oomph factor: Q2s0,nucleus =
A1/3Q2s0,proton, whereA is the mass number of the target nucleus. The corresponding dipole scattering
amplitudes in the adjoint representation are given, in the large-Nc limit, by NA = 2NF −N 2F . In this
work we shall use the AAMQS sets corresponding to γ = 1.101, Q2s0 = 0.157 GeV2 and γ = 1.119,
Q2s0 = 0.168 GeV2. It turns out that the results for LHCf kinematics are very little sensitive to this
particular choice and other AAMQS sets yield a very similar description of the data.
As for the proton PDFs, we shall take the CTEQ6 leading order set [23] with a default factorization
scale µ = max{kt, Qs}, where kt is the transverse momentum acquired by the incoming parton as it
multiply scatters the soft glue of the target. This choice ensures that primary partonic production can
be described by means of perturbative tools. We cannot exclude that part of primary particle produc-
tion could be of genuinely non-perturbative origin –specially for very small transverse momenta of
the produced pions– and hence, not amenable to description in terms of Eq. (1). However, the good
description of the data reported below makes us confident that the main dynamical features of the
process studied here are well accounted for by our approach. When applied to LHCf kinematics, our
ansatz for the factorization scale ensures that it always falls into the perturbative domain µ & 1 GeV,
since the saturation scale at the LHC ultra-forward region is perturbatively large: Qs(x ∼ 10−8) & 1
GeV, both for proton and lead targets. Such is not the case in RHIC kinematics, where the satura-
tion scale is considerably smaller and closer to its initial values Q2s0 ∼ 0.2 GeV. In the latter case, we
impose a momentum cutoff on the exchanged transverse momentum kt,min = 1 GeV. However, this
cutoff is not necessary at the LHCf or, in other words, our results are insensitive to its precise value,
as the scattering is dominated by higher transverse momenta, of the order of the saturation scale of
the target kt ∼ Qs(x) & 1 GeV.
Finally, the factor σ0 in Eq. (1) results from the integration over impact parameter implicit in
Eq. (2). In the mean field approach treatment of the target geometry –proton or nucleus– that we
shall adopt here, it carries the meaning of the average transverse size of the proton. Its value can be
taken from the AAMQS fits where it was one of the free fit parameters (σ0/2 = 16.5 mb). TheK-factor
in Eq. (1) is not the result of any calculation. It has been added by hand to account for higher order
corrections, possible non-perturbative effects, etc. In practice, we use it to adjust the normalization
of theoretical curves to experimental data in phenomenological works. In an ideal situation it should
be equal to unity.
Before dwelling into more details on our implementation, a comment is in order: the degree of
accuracy of the hybrid factorization formula as well as that of the non-linear evolution equations
describing the Bjorken-x dependence of the uGD of the target –running coupling BK in our case–
have been considerably improved in the recent past. In particular, next-to-leading order (NLO) cor-
rections to the cross-section Eq. (1) have been calculated in [24, 25]. Also, both the BK and B-JIMWLK
evolution equations are now known at full NLO accuracy[26, 27]. However, it was quickly noticed
that the perturbative expansion of hadronic observables and evolution equations at NLO become
unstable in certain regions of phase space[10, 12, 28], even leading to negative cross sections. Such
unphysical behaviour has been identified as due to the increasing importance of double transverse
momentum logarithms. Later works showed that the resummation of those collinear logs stabilises
the behaviour of the perturbative series[29, 30], even allowing a good phenomenological description
of electron-proton cross sections measured in HERA[31, 32]. Recently, it has been suggested that
the kinematic corrections embodied in the resummation of large collinear logs can be accounted for
through an appropriate subtraction of the rapidity divergence in the BK evolution for the target [33].
However the notable progress briefly reported above, we shall consider the hybrid formalism
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only at leading logarithmic accuracy (LL) together with LO DGLAP evolution and running coupling
BK evolution to describe the scale dependence of the projectile PDF and target uGD respectively.
Although a full NLO analysis of forward production data would be desirable –as all theoretical tools
are now available– its phenomenological implementation should start by performing a global fit to
e+p data at full NLO accuracy in order to obtain the uGD of a proton, which has not been carried out
to date. Also, as shown in [10, 12], NLO effects become increasingly important in the region of high
transverse momentum and small to moderate evolution rapidities Y = ln(x0/x). In this work we
are interested in the opposite kinematic regime of very high evolution rapidities Y ∼ 15 and small
transverse momentum scales, kt . Qs(x). We expect then that the LO implementation of the hybrid
factorization captures the main dynamical features of the collision process in the LHCf kinematic
regime. This set up could be systematically improved using available theoretical progress, but we
leave such task for future works.
The three main ingredients of our set up, namely primary, perturbative partonic production as
given by Eq. (1), Lund fragmentation and multiple scatterings are embedded in a Monte Carlo event
generator. At partonic level, our Monte Carlo code generates quarks and gluons from qg → q and
gg → g hard scatterings according to Eq. (1) along with initial and final state radiation based on
DGLAP evolution. Multiple parton scattering is implemented in the eikonal model formalism [34,
35, 36], where we assume the probability distribution governing the number of independent hard
scatterings to be a Poisson of mean n, with:
n(b, s) = Tpp(b)σDHJ(s). (4)
n is the average number of partonic collisions per event. It depends on the invariant mass of the
collision s through the integrated cross section σDHJ , and on the impact parameter of the collision b
through Tpp, which is the spatial overlap of the colliding protons obtained as the convolution of two
Gaussian functions:
Tpp(b) =
1
4piB exp
(
− b
2
4B
)
. (5)
For every event, the impact parameter b is randomly generated in a range between 0 fm and:
bmax =
√
σnd
pi
. (6)
which is the radius of a circle of area defined by the cross section of non-diffractive events, σnd. For
collisions on nuclear targets, we substitute the target profile by a Gaussian with radiusR2A = R2p A2/3.
Its convolution with the Gaussian profile of a proton yields:
TpA(b) =
A2/3
piR2p(A2/3 + 1)
exp
(
−b2
R2p(A2/3 + 1)
)
. (7)
Which is normalized to A2/3. Other options for a nuclear spatial profile like the Woods-Saxon model
were not considered in this work. The increase of the maximum impact parameter bmax allowed for
nuclear targets is accounted for by the substitution of σnd in Eq. (6) by the cross section values for
d-Au and p-Pb collisions given in [37, 38].
Finally, the hadronization of the scattered partons into the finally observed hadrons is described
in terms of the Lund string fragmentation model as embedded in the PYTHIA event generator. More
specifically, PYTHIA6 [39] is used to arrange partons resulting from hard scattering and initial and
final state radiation processes into strings; PYTHIA 8.186 [40] is used to simulate their fragmenta-
tion into hadrons in the framework of the popcorn model. This particular choice of hadronization
model turns out to be crucial for a good description of the data. Other possible choices, like the di-
quark model, result in much softer spectra of the produced pions, yielding a worse agreement with
data. The remnants of the colliding hadrons are also arranged into strings (stretched between quark-
diquark pairs). The fraction of the total energy x carried by the quark is chosen according to the
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Figure 1: Average distribution of Bjorken-x values for projectile and target and pseudorapidity of the
produced particle 3.2 ≤ y ≤ 3.4.
probability density:
P (x) ∝ (1− x)
α
4
√
x2 + c2min
. (8)
Where cmin = 2〈mq〉/
√
s = 0.6/
√
s. For theα parameter we use the PYTHIA6 default valueα = 3. No
primordial kt distribution is considered, as in [15] it was shown to be unnecessary in this framework.
3 Inclusive hadron transverse momentum spectra at RHIC
In this section we compare our results to experimental data in the kinematic range observed by two
different RHIC detectors, namely BRAHMS [41] and STAR [42]. The kinematic conditions achieved in
the deuterium-gold collisions performed at
√
s = 200 GeV at RHIC are appropriate for a description
in terms of the DHJ formula, provided that we focus on the high-rapidity region of the spectra, as
depicted in Fig. 1. These fits act as a reference for calibration, as the datasets used have been largely
studied in previous works based on the DHJ formula [11, 15, 43]. We build the PDF of the deuteron
from the proton PDFs assuming strict isospin symmetry. For each independent hard scattering we
calculate the multiplicity density of produced particles from the Eq. (1) for the cross section scaling
by the non-diffractive cross-section:
dNh1h2→(q/g)X
dy d2k
= 1
σnd
dσh1h2→(q/g)X
dy d2k
. (9)
We assume that the energy dependence of the non-diffractive cross section in Eq. (9) cancels off
the energy dependence of the σ0 factor in Eq. (1), even if these two objects are not necessarily the
same one. Any possible deviation from this assumption is lumped on the corresponding K-factors.
We reach a rather good description of d-Au data on the spectra of negatively charged hadrons
measured at pseudorapidities η = 2.2 and 3.2 by BRAHMS in minimum bias collisions and also of
STAR data on neutral pion production at η=4, see Fig 2. Our results are little sensitive to the specific
value of the number of participants nucleons in the collision which, in the mean field treatment of
nuclear geometry performed here, is given by Npart ≈ A1/3. The most remarkable, and completely
new, feature of our result is that, by means of the Lund fragmentation mechanism implemented in
our Monte Carlo, we can reach values of the transverse momentum of the produced particle as low
as detected experimentally pt,min ∼ 0.2 GeV. Previous approaches relied on the use of fragmentation
functions to describe the hadronization process. Hence, by construction, they could only access the
regime of perturbatively high transverse momenta pt,min & 1 GeV, where these functions are defined.
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Figure 2: Left plot: negatively charged hadron transverse momentum spectra at η =2.2 and 3.2 in
d-Au collisions at
√
s = 200 GeV measured by the BRAHMS collaboration. Right plot: neutral pion
spectra at η =4 in d-Au collisions at
√
s = 200 GeV measured by the STAR collaboration. Scale
dependence between Q2s0 = 0.157A1/3 GeV2 with A1/3 = 6 and 4 is shown by the shaded areas.
BRAHMS data is well described with a K-factor K = 1. However, STAR data on neutral pions can
only be described with a K-factor K = 0.4, exactly the same value obtained in previous analysis of
data.
4 Inclusive hadron transverse momentum spectra at LHCf
In this section we compare our results with the preliminary data on neutral pion production mea-
sured by the LHCf collaboration in p-p and p-Pb collisions at
√
s = 7 TeV and 5.02 TeV respectively
[44]. The ultra-high rapidity range available in this experiment (8.8≤y≤10.8) is appropriate for a de-
scription in terms of the DHJ formula, as shown in Fig. 3 where we plot the distribution of Bjorken-x
values contributing to these collisions from the projectile and target respectively. They are peaked in
xproj ≈ 0.1 and xtarg ≈ 10−8, which indicates a much stronger dilute-dense asymmetry than in the
RHIC case, Fig 1.
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Figure 3: Average distribution of Bjorken-x values for projectile and target and rapidity of the pro-
duced particle 8.8 ≤ y ≤ 9.0.
Similarly to the previous analysis presented in [15], we obtain a very good description of p-p data
for all rapidities, see Fig. 4. Importantly, the K-factor used for the description of data is exactly the
same as the one used for the description of BRAHMS data, K = 1. This is an important result, as it
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Figure 4: Neutral pion transverse momentum spectra in the rapidity range 8.9 < y < 10.6 in p-p
collisions at
√
s = 7 TeV. Also shown is the corresponding partonic spectra (dashed lines).
indicates that the energy evolution from RHIC to LHC, equivalent to more than ten units in evolution
rapidity, ∆Y & 14, is well accounted for by the theoretical tools in our approach, namely the running
coupling BK evolution for the x-dependence of the uGDs. For the sake of illustration in Fig. 4 we also
show the partonic spectra generated prior to the hadronization process. As a comment, it should be
noted that the bump observed for the lowest momentum bin is due to the contribution of projectile
remnants not participating into the hard scattering. We also find a good agreement of the neutral
pion spectra measured in p-Pb collisions, see Fig. 5. In this case our theoretical result is a bit below
the data at the highest values of transverse momenta. Again, we have used a K-factor K = 1 for its
description. As shown in Fig. 5, a slightly larger value of the K-factor, K=1.5, results in a slightly
better description of the data, although we do not have a clear motivation for such choice.
5 Nuclear modification factor at LHCf
Finally, in this section we present our results for the nuclear modification factor Rp-Pb, defined as
follows:
Rpi
0
p-Pb ≡
σ
pp
inel
〈Ncoll〉σpPbinel
Ed3σpPb/d3p
Ed3σpp/d3p
= 1〈Ncoll〉
dNpPb→pi0X/dyd2pt
dNpp→pi0X/dyd2pt
. (10)
Where Ed3σpPb/dp3, Ed3σpp/dp3 are the inclusive cross sections of neutral pion production in p-Pb
and p-p collisions respectively, and 〈Ncoll〉 is the average number of nucleon-nucleon scatterings in
a p-Pb collision. We shall use the same value of 〈Ncoll〉 as the one used in the experimental analysis
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Figure 5: Neutral pion transverse momentum spectra in the rapidity range 8.9 < y < 10.6 in p-Pb
collisions at
√
sNN = 5.02 TeV measured at LHCf detector. Solid and dashed lines correspond to
K-factors K=1 and K=1.5 respectively.
[44], obtained from a Monte Carlo Glauber simulation: 〈Ncoll〉 = 6.9. Also, it should be kept in mind
that the experimental value for
√
s=5.02 TeV is obtained after interpolating p-p data from 2.76 and 7
TeV collision energies.
One remarkable feature of experimental data is the approximate flatness of the Rpi
0
p-Pb over all
the measured rapidity range. Actually a constant value Rpi
0
p-Pb = 1/〈Ncoll〉 ≈ 0.15 is compatible
with data for all y. This would immediately imply that the multiplicity density in p-p collisions is
approximately equal to the one in p-Pb collisions (see right hand side of Eq. (10)):
dNpp→pi0X
dyd2pt
≈ dN
pPb→pi0X
dyd2pt
. (11)
Certainly, a more refined analysis of data would probably indicate a decreasing behaviour ofRpi
0
p-Pb
with increasing rapidity of the detected pions. However, such rate of change is much smaller than
the one observed at RHIC energies in a similar range of transverse momenta. This purely empirical
observation is well accounted for by our calculations. In terms of saturation physics this result can be
immediately related to the asymptotic properties of the solution of the BK equation, used to describe
the x-dependence of the uGDs of the proton and lead targets. At partonic level, Eq. (11) can be
written as:
〈np-Pb〉bNPb(F/A) ≈ 〈np-p〉bNp(F/A). (12)
WhereNPb(F/A),N
p
(F/A) are the uGDs corresponding to proton and nucleus targets, and 〈np-Pb〉b, 〈np-p〉b
are the average number of independent hard collisions per p-p and p-Pb events integrated in impact
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Figure 6: Ratio of rcBK-evolved unintegrated gluon distributions for proton and lead targets for the
different x-ranges observed at RHIC and LHC.
parameter. Due to the normalization of the spatial overlap function for proton-nucleus collisions TpA,
the integration of Eq. (4) over b yields:
〈np-Pb〉b = A2/3〈np-p〉b. (13)
Applying this expression to Eq. (12), and also neglecting the difference in the factorisation scales for
p or Pb scattering we get:
NPb(F/A)
N
p
(F/A)
= 1
A2/3
. (14)
This behaviour is well realised by the BK-evolved uGD’s used in this work. As shown in Fig. 6, the
ratio of lead over proton uGD’s takes a constant value 1/A2/3 ≈ 0.03 in all the kt range probed by
the LHCf data studied here. We interpret the fact that the experimental data on nuclear modification
factor reproduces this constant behaviour over the whole range of rapidity is an indication for the
prevalence of saturation effects in the probed kinematic regime by the LHCf. In turn, the analogous
ratio, when plotted for the kinematic regime relevant for forward RHIC data, exhibits a growing
behaviour with increasing transverse momentum, in the very same fashion as the corresponding
nuclear modification factor. We conclude that RHIC forward kinematics falls outside the universality
regime of small-x evolution. Rather, RHIC kinematics test non-linear evolution in the pre-asymptotic
regime.
6 Discussion
In this work we have shown that it is possible to obtain a good description of particle production
(single neutral pion spectrum) in the very forward region of the LHC and down to the lowest values
of transverse momentum experimentally accessed by the LHCf collaboration (pt . 0.1 GeV). We do
so via the combination of a perturbative description of the elementary partonic scattering process
with a non-perturbative stringy characterization of the fragmentation and decay of the hard partons.
Our results provide yet another indication for the presence –and need– of saturation effects to cor-
rectly describe presently available experimental data dominated by the contribution of very small-x
gluons. Indeed, the good and simultaneous description of p-p and p-Pb data and, in particular, of
the nuclear modification RpPb factor affords a neat theoretical interpretation in terms of saturation
physics. The flatness and approximate constant behaviour of the observed RpPb over the wide range
of rapidities covered by data can be related to the asymptotic properties of the solutions of the BK
equation and, in particular, to the existence of universal solutions at sufficiently small-x.
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Figure 7: Nuclear modification factor for neutral pion production at
√
sNN = 5.02 TeV. Data points
taken from [44]. Since there is no neutral pion transverse momentum spectra measurement available
for p-p collisions at
√
s = 5.02 TeV, it is derived by interpolation of datasets obtained from p-p
collisions at
√
s = 7 TeV and 2.76 TeV, which are included in that paper.
Aside from the description of the data discussed in this work, the fact that the main features of
ultra forward production data –even for very small transverse momentum of the produced particles–
can be understood in terms of perturbative tools may open interesting new avenues of research in
the field of ultra high-energy cosmic rays (UHECR). There, the main features of the air showers
developed after the primary collisions in the upper atmosphere are determined to a large extent
by the hadronic collisions properties, in particular, by the total cross-section, forward multiplicity,
charm production, inelasticity, etc. [45]. Thus, the availability of theoretically controlled tools to
extrapolate from the well constrained collision energy domain probed at the LHC to that of UHECR
is necessary to reduce the inherent uncertainty associated to the extrapolation itself and, thereby, also
the uncertainty associated to the present analysis of the primary mass composition of UHECR. We
propose that the use of non-linear renormalization group equations of QCD (like the BK equation
employed in this work) can offer insight in this direction and we plan to extend our studies in this
direction in future works.
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